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7KH GHVLJQ RI PRGHUQ SRZHU HOHFWURQLF V\VWHPV LV LQFUHDVLQJO\
FRPSOH[ UHTXLULQJ PXOWLGRPDLQ RSWLPLVDWLRQ HQFRPSDVVLQJ WKH
LQWHUDFWLRQVDPRQJWKHHOHFWULFDOWKHUPDODQGPHFKDQLFDOGRPDLQV
1HYHUWKHOHVV GXH WR WKH LQFUHDVLQJ GHPDQGV IRU KLJKHU SRZHU
GHQVLW\WKHWKHUPDODQDO\VLVDQGPDQDJHPHQWRISRZHUHOHFWURQLFV
V\VWHPV LV EHFRPLQJ PRUH DQG PRUH LPSRUWDQW 5HOLDELOLW\ RI D
SRZHU HOHFWURQLFV FRQYHUWHU LV VLJQLILFDQWO\ DIIHFWHG E\ RSHUDWLQJ
WHPSHUDWXUH DQG WHPSHUDWXUH F\FOLQJ ,W LV ZHOO NQRZQ WKDW
FRPSRQHQWV
OLIHWLPHGHFUHDVHVH[SRQHQWLDOO\ZLWKWHPSHUDWXUHDQG
WKDW WKHUPDO DQG WKHUPRPHFKDQLFDO IDLOXUHPRGHV LQGHYLFHV DQG
SDFNDJLQJDUHDFFHOHUDWHGE\WHPSHUDWXUHF\FOLQJ
7KH WKHUPDO PDQDJHPHQW RI SRZHU FRQYHUWHUV LV EHFRPLQJ
LQFUHDVLQJO\ GHPDQGLQJ EHFDXVH RI LWV VWURQJ LQGXVWULDO GULYH IRU
VPDOOHU PRUH HIILFLHQW SRZHU HOHFWURQLFV V\VWHPV > @ +HDW
H[FKDQJHUV DFFRXQW IRU D VLJQLILFDQW SRUWLRQ RI SRZHU FRQYHUWHUV

PDVV,QFUHDVHGFRQYHUWHUHIILFLHQF\DQGEHWWHUWKHUPDOGHVLJQFDQ
FRQWULEXWH WR VLJQLILFDQW UHGXFWLRQ RI KHDW H[FKDQJHUV¶ PDVV DQG
WKHUHIRUHLQFUHDVHGSRZHUGHQVLWLHV7KHUHIRUHDFFXUDWHPRGHOOLQJ
WRROV IRU WKHUPDO DQDO\VHV FDQ VLJQLILFDQWO\ DLG WKH GHVLJQ
RSWLPLVDWLRQ RI SRZHU FRQYHUWHUV KHOSLQJ WKH GHVLJQ HQJLQHHU WR
VHOHFWWKHRSWLPDOV\VWHPGHVLJQZLWKWKHUHTXLUHGKHDWGLVVLSDWLRQ
+RZHYHU WKHH[WHQW WRZKLFKWKHV\VWHPGHVLJQFDQEHRSWLPLVHG
IRU VL]HDQGZHLJKW LV OLPLWHGE\ WKHPD[LPXPUDWHGFRPSRQHQWV
WHPSHUDWXUH ZKLFK FDQQRW EH H[FHHGHG GXULQJ QRUPDO RSHUDWLRQ
>@
$GGLWLRQDOO\ WKH OLIH H[SHFWDQF\ RI WKH SRZHU FRQYHUWHU LV
UHGXFHG GXH WR WKHUPDO F\FOLQJ ZKHUH WKH GDPDJH IURP PXOWLSOH
KHDWLQJ DQG FRROLQJ HYHQWV DFFXPXODWHV XQWLO WKH V\VWHP IDLOXUH
RFFXUV>@$VDUHVXOW WHPSHUDWXUHPRQLWRULQJV\VWHPVWRSURWHFW
SURGXFWV DQGPHHW UHJXODWRU\ UHTXLUHPHQWV DUH LQFUHDVLQJO\EHLQJ
DGRSWHG LQ VDIHW\ FULWLFDO DSSOLFDWLRQV &RPSDFW WKHUPDO PRGHOV
FDQ EH XVHG DV DQ DLG IRU WKH HVWLPDWLRQ DQG PRQLWRULQJ RI WKH
WHPSHUDWXUHRIFRPSRQHQWVGXULQJUHDOWLPHRSHUDWLRQ
$ YDVW OLWHUDWXUH RQ PRGHOV IRU WKH WKHUPDO DQDO\VLV RI SRZHU
HOHFWURQLF V\VWHPV KDV EHHQ SXEOLVKHG 7KH VLPSOHVW PHWKRGV XVH
FRPSDFW WKHUPDO PRGHOV W\SLFDOO\ EDVHG RQ HPSLULFDOO\ GHULYHG
OXPSHG HOHPHQW PRGHOV VXFK DV WKRVH EDVHG RQ )RVWHU RU &DXHU
QHWZRUNV $OWKRXJK FRPSXWDWLRQDOO\ HIILFLHQW WKHVH OXPSHG
SDUDPHWHU PRGHOV W\SLFDOO\ UHTXLUH H[SHULPHQWDO FDOLEUDWLRQ DQG
FDQQRWEHHDVLO\HPSOR\HGLQSDUDPHWULFVWXGLHVZKHUHJHRPHWULHV
RU RSHUDWLQJ FRQGLWLRQV FKDQJH 0RUH DFFXUDWH DQG SK\VLFDOO\
UHSUHVHQWDWLYHPHWKRGVIRUWKHUPDOPRGHOOLQJRISRZHUDVVHPEOLHV
LQFOXGLQJGHYLFHVSDFNDJLQJDQGKHDWH[FKDQJHUVUHO\RQDQXPEHU
RI ZHOOHVWDEOLVKHG QXPHULFDO WRROV WKDW GLVFUHWLVH WKH GLVWULEXWHG
SDUWLDO GLIIHUHQWLDO HTXDWLRQV 3'(V WKDW PRGHO WKH KHDWWUDQVIHU
SUREOHP XVLQJ ILQLWH HOHPHQW PHWKRG )(0 ILQLWH GLIIHUHQFH
PHWKRG)'0RUFRPSDFWWKHUPDOPRGHOEDVHGRQDQDQDO\WLFDORU
HPSLULFDO OXPSHG SDUDPHWHU PRGHO /30 ,Q DGGLWLRQ DFFXUDWH
QXPHULFDO PRGHOOLQJ RI KHDW H[FKDQJHUV ZLWK QDWXUDO RU IRUFHG
FRQYHFWLRQ W\SLFDOO\ UHTXLUHV WKH XVH RI FRPSXWDWLRQDO IOXLG
G\QDPLFV &)' PHWKRGV 7\SLFDOO\ &)' VRIWZDUH WRROV FDQ
VLPXOWDQHRXVO\ VROYH FRQGXFWLYH DQG FRQYHFWLYH KHDW WUDQVIHU
SUREOHPV SURYLGLQJ WKH PRVW DFFXUDWH DQG GHWDLOHG WHPSHUDWXUH
GLVWULEXWLRQ IRU SRZHU HOHFWURQLF V\VWHPV 8QIRUWXQDWHO\ &)'
DQDO\VHVDUHH[WUHPHO\GHPDQGLQJLQWHUPVRIFRPSXWLQJUHVRXUFHV
DQG FDOFXODWLRQ WLPH >@ $ QXPEHU RI PRGHO RUGHU UHGXFWLRQ
025WHFKQLTXHVKDYHEHHQSURSRVHGWRDOOHYLDWHWKHSUREOHPVRI
FRPSXWDWLRQDOFRPSOH[LW\DULVLQJ IURPWKHVLPXODWLRQRIFRPSOH[
DQG GLVWULEXWHG G\QDPLFDO V\VWHPV 025 WHFKQLTXHV DSSOLHG WR
WKHUPDO SUREOHPV XVH WKH GLVFUHWLVHG YHUVLRQ RI WKH XQGHUO\LQJ
3'(VJHQHUDWHGXVLQJHLWKHU)(0RU)'0WRSURGXFHDUHGXFHG
RUGHU PRGHO WKDW VLJQLILFDQWO\ UHGXFHV FRPSXWDWLRQDO FRPSOH[LW\
ZKLOHJXDUDQWHHLQJUHDVRQDEO\DFFXUDWHUHVXOWV>@,QWKLVSDSHUDQ
)'0ZLWK025LVVHOHFWHGWRHVWDEOLVKDPDWKHPDWLFDOPRGHO
$ QXPEHU RI 025 WHFKQLTXHV KDYH EHHQ SURSRVHG IRU
DSSOLFDWLRQ LQ WKH WKHUPDO PRGHOOLQJ SUREOHP $PRQJ WKH PRVW
HIIHFWLYH VWUDWHJLHV *X\DQ UHGXFWLRQ >@ DQG .U\ORY VXEVSDFH
PHWKRGVKDYHEHHQSURSRVHG7KHWKHUPDOSHUIRUPDQFHRIDSRZHU
FRQYHUWHUGHSHQGVQRWRQO\RQ WKH OD\RXWRI FRPSRQHQWVEXW DOVR
RQ ERXQGDU\ FRQGLWLRQV VXFK DV WKH FRRODQW PDVV IORZ UDWH ,W LV
WKHUHIRUH LPSRUWDQW WKDW WKH FRPSDFW PRGHOV XVHG LQ WKHUPDO
DQDO\VHVFRQVHUYHWKHGHSHQGHQF\RQWKHVHGHVLJQSDUDPHWHUVDQG
RSHUDWLQJ FRQGLWLRQV 8QIRUWXQDWHO\ RQFH 025 WHFKQLTXHV DUH
DSSOLHG WR WKH RULJLQDO PRGHO IRUPXODWLRQ WKH GHSHQGHQF\ RQ
SDUDPHWHUVHJWKHFRRODQWPDVVIORZUDWHGLVDSSHDUV7KLVUHVXOWV
LQWKHQHHGWRUHSHDWWKH025SURFHVVIRUHYHU\GLIIHUHQWRSHUDWLQJ
FRQGLWLRQ PDNLQJ SDUDPHWULF VWXGLHV RI V\VWHP RSHUDWLRQ LQ
GLIIHUHQW RSHUDWLQJ FRQGLWLRQV HJ GLIIHUHQW DPELHQW WHPSHUDWXUH
RUFRRODQWPDVVIORZUDWHH[WUHPHO\WHGLRXV
7KH SDSHU SUHVHQWV D SDUDPHWULF 025 PHWKRG WKDW FRQVHUYHV
RQH RU PRUH SDUDPHWHUV LQ WKH UHGXFHGRUGHU PRGHO PDNLQJ
DQDO\VHV RI WKH FRQYHUWHU LQ GLIIHUHQW RSHUDWLQJ FRQGLWLRQV
FRPSXWDWLRQDOO\ HIILFLHQW 7KH PHWKRG EDVHG RQ PXOWLPRPHQW
PDWFKLQJDQGEORFN$UQROGL
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$JHRPHWU\EDVHGPDWKHPDWLFDOPRGHO LVQHHGHG WRFRQVWUXFW WKH
WKHUPDO PRGHO RI WKH SRZHU PRGXOH DQG LWV FRROLQJ DVVHPEO\ $
JHRPHWU\EDVHG PHWKRG KDV WKH DGYDQWDJH WKDW FDQ EH XVHG DV D
WRROLQWKHPRGXOHGHVLJQSURFHVVE\IDFLOLWDWLQJWKHRSWLPLVDWLRQRI
FRPSRQHQWV
 SODFHPHQW GLVWDQFHV HWF VLQFH WKH WRSRORJ\ LV
GLUHFWO\WDNHQLQWRDFFRXQW
&RQYHQWLRQDOPRGHORUGHUUHGXFWLRQ
,Q HDFK WKHUPDO VLPXODWLRQ WKH WHPSHUDWXUH GLVWULEXWLRQ LV
FRPSXWHGRQDGLVFUHWHJULG DQG LWV VL]H FDQSURGXFHPLOOLRQVRI
RUGLQDU\GLIIHUHQWLDOHTXDWLRQVGHSHQGLQJRQWKHFRPSOH[LW\RIWKH
JHRPHWU\ >@ ,I D FRPSOHWH PRGHO LV XVHG V\VWHPOHYHO
VLPXODWLRQVTXLFNO\EHFRPHXQPDQDJHDEOH7KHWKUHHGLPHQVLRQDO
3'( GHVFULELQJ WKH FRQGXFWLYH KHDW WUDQVIHU SUREOHP FDQ EH
GLVFUHWLVHGLQWRDV\VWHPRIRUGLQDU\GLIIHUHQWLDOHTXDWLRQV2'(V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CT˙ + KT = F ⋅ Q t y = ET ⋅ T 
ZKHUH & LV WKH WKHUPDO VSHFLILF KHDW PDWUL[ . LV WKH WKHUPDO
FRQGXFWLYLW\ PDWUL[4 LV WKH KHDW JHQHUDWLRQ YHFWRU DQG7 LV WKH
YHFWRURIWHPSHUDWXUHVLQDOOWKHQSRLQWVRIWKHGLVFUHWLVHGGRPDLQ
)∈5QîPDQG(∈5QîSDUHWKHLQSXWDQGWKHRXWSXWPDWULFHVDQG
PDQGSGHQRWHWKHQXPEHURILQSXWVDQGRXWSXWVUHVSHFWLYHO\>±
@$VDUHVXOWWUDQVIRUPLQJLQWRWKHIUHTXHQF\GRPDLQUHVXOWLQ
DPDWUL[YDOXHGUDWLRQDOWUDQVIHUIXQFWLRQ*&ĺ&SîPJLYHQE\
G s = ET ⋅ K + sC −1 ⋅ F, s ∈ C 
$UQROGLEDVHGUHGXFWLRQLVDZHOOHVWDEOLVKHG025WRRO>@ZKRVH
JRDOLVWRWUDQVIRUPWKHHTXDWLRQV\VWHPLQWRDV\VWHPRIORZHU
GLPHQVLRQDOLW\EXWLQWKHVDPHIRUP>@
Crz˙ + Krz = Fr ⋅ Q t yr = Er
T ⋅ z 
ZKHUH ] ∈ 5U LV REWDLQHG E\ SURMHFWLQJ WKH RULJLQDO VWDWH 7 RI
GLPHQVLRQQWRDVXEVSDFHRIGLPHQVLRQU≪QYHULI\LQJ
T = V ⋅ z + error 
7KHWUDQVIRUPDWLRQLVREWDLQHGE\DSURMHFWLRQSURFHVVEDVHGRQWKH
3DGpW\SHDSSUR[LPDWLRQZKHUHWKHUHGXFHGRUGHUV\VWHPPDWULFHV
DUHREWDLQHGDVIROORZV>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EORFN$UQROGLFDQEHHPSOR\HGWKHWZRPDWULFHV&DQG.KDYHWR
EHUHGXFHGWRDVLQJOHPDWUL[GHQRWHGE\$LQWKHIROORZLQJ7KLV
FDQEHGRQHE\UHZULWLQJDVIROORZV
G s = ET ⋅ sI − A −1 ⋅ B 
ZKHUH $(? (?í.í& %(? (?í.í) P FROXPQV RI WKH PDWUL[%(? (?>%
%(?(?%P@ DUH WKH VWDUWLQJ YHFWRUV RI WKH VRFDOOHG EORFN .U\ORY
VXEVSDFH DIWHU EXLOGLQJ EORFN .U\ORY VXEVSDFHV 7KH PDWUL[9 LV
FRPSRVHG IURP U GLPHQVLRQDO YHFWRUV WKDW IRUP D EDVLV IRU WKH
ULJKW.U\ORYVXEVSDFHRIWKHGLPHQVLRQU
K
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A, B = B AB A2B … An − 1 B 
$IWHU EXLOGLQJ WKH EORFN .U\ORY VXEVSDFHV $UQROGL
V
RUWKRJRQDOLVDWLRQZKLFK LVVKRZQLQ7DEOH LVFDUULHG WRH[WHQG
WKHFODVVLFDO$UQROGLDOJRULWKPWREORFN.U\ORYVXEVSDFHV
0XOWLSDUDPHWHUPRGHORUGHUUHGXFWLRQ
,QWKLVVHFWLRQDSDUDPHWHULQGHSHQGHQW025PHWKRGLVSURSRVHG
EDVHG RQ PXOWLVHULHV H[SDQVLRQ ZLWK UHVSHFW WR D VHW RI KHDW
WUDQVIHUFRHIILFLHQWV
$VLQWKHQRQSDUDPHWULFFDVH2'(VRIWKHIRUPDQGDUH
FRQVLGHUHG,QWKLVFDVHWKHFRQYHFWLYHERXQGDU\OD\HULVDVVXPHG
WRKDYHDPXOWLSDUDPHWHUGHSHQGHQF\RQDLUPDVVIORZUDWH,QDQ
DLUFRROHGV\VWHPWKHWHPSHUDWXUHYDULDWLRQLQWKHPDVVRIDLUFDQ
EH QHJOHFWHG FRPSDUHG ZLWK WKH VROLG SDUW RI WKH SRZHU PRGXOH
VXEVWUDWH DQG KHDW VLQN DVVHPEO\ DQG WKH LQWHUDFWLRQ ZLWK WKH
FRROLQJ PHGLXP GHVFULEHG E\ D FRQYHFWLYH ERXQGDU\ OD\HU
&RQVHTXHQWO\ WKH PXOWLSDUDPHWHU FRQGLWLRQ RQO\ KDSSHQV LQ WKH
PDWUL[RIFRQGXFWDQFH7KHQWKH2'(VFDQEHUHZULWWHQDV
Cx˙ + K0 +∑
i
piKi x = F ⋅ Q 
ZKHUHSLUHSUHVHQWWKHSDUDPHWHUVWKDWDUHUHTXLUHGWREHNHSWLQWKH
UHGXFHGPRGHO7KHSURMHFWLRQPDWUL[9FDQEHXVHGWRFDOFXODWHWKH
UHGXFHGRUGHU WHPSHUDWXUHYHFWRU]ZKRVHG\QDPLFVDUHGHVFULEHG
DV
V
T
C0Vz˙ + V
T
K0Vz +∑
i
piV
T
KiVz = V
T
F ⋅ Q 
6LPLODU WR WKH FRQYHQWLRQDO 025 WKH WUDQVIHU IXQFWLRQ RI WKH
V\VWHPLQLVIRUPHGDV
H s = E sC + K0 + p1K1 + p2K2 +⋯+ piKi
−1
F 
ZKLFKFDQEHZULWWHQDV
H s = E I − −
K0 + p1K1 + p2K2
+⋯+ piKi
−1
Cs
−1
⋅ K0 + p1K1 + p2K2 +⋯+ piKi F

0DQ\ PHWKRGV IRU PXOWLSDUDPHWULF RUGHU UHGXFWLRQ KDYH EHHQ
SURSRVHG 7KHUH DUH WZR PDLQ VWUDWHJLHV EDVHG RQ 025 ZLWK RU
ZLWKRXW PRPHQW PDWFKLQJ VXFK DV >±@ RU UHGXFWLRQ ZLWKRXW
PXOWLPRPHQW PDWFKLQJ > @ ,Q WKLV SDSHU UHGXFWLRQ ZLWK
PXOWLPRPHQWPDWFKLQJLVLQWURGXFHG7KHSURFHVVLVEDVHGRQWKH
7D\ORUVHULHV H[SDQVLRQ RI WKH WUDQVIHU IXQFWLRQ +V DURXQG D
FHUWDLQSRLQWV7KHPRPHQWVRI WKH WUDQVIHU IXQFWLRQDUH WKH
FRHIILFLHQWV RI LWV 7D\ORU VHULHV H[SDQVLRQ ,W LV ZRUWK QRWLQJ WKDW
RQO\ZKHQWKHUHLVDZHDNFRUUHODWLRQEHWZHHQWKHSDUDPHWHUVWKH
PL[LQJ PRPHQW FDQ EH LJQRUHG ZLWKRXW DIIHFWLQJ WKH SUHFLVLRQ
>@7KLV LV W\SLFDOO\ WKHFDVHIRU WKHUPDOSUREOHPV>@)RU
WKHSUREOHPXQGHULQYHVWLJDWLRQLHWKHWKHUPDODQDO\VLVRISRZHU
PRGXOHVZLWKFRROLQJ V\VWHP WKHSDUDPHWHUV VHULHVSS(?(?SLDQG
VXEPDWUL[..(?(?.LRQO\DSSHDULQWKHHTXDWLRQVRI WKHVWDWHVRQ
ERXQGDU\ OD\HU RI WKH EDVHSODWH 7KH EORFN $UQROGL
V
RUWKRJRQDOLVDWLRQ EDVHG RQ VWDQGDUG .U\ORY VXEVSDFHV IRU PXOWL
PRPHQW PDWFKLQJ QHHGV WR EH DSSOLHG >±@ 7KH QH[W VWHS LV WR
PDNHDQRWKHU H[SDQVLRQEXW WKLV WLPH LQ VHULHVRI HDFKSDUDPHWHU
SLIRUHDFKPRPHQW)RUWKHILUVWPRPHQW
7DEOH(? $UQROGL
VRUWKRJRQDOLVDWLRQ
IRUL(? (?(?(?MPD[ 1RUPDOLVHG%LWRۅYLۅ(? (?
YL(? (?%Lۅ%Lۅ 6WDUWFRPSXWDWLRQRIYL
IRUM(? (?(?(?MPD[í 2QHPDWUL[PXOWLSOLFDWLRQ
W(? (?$YL WLVLQWKHVSDFH.M
hi j = vi
Tt KLMYL(? (?SURMHFWLRQRIWRQYL
W(? (?WíKLMYL 6XEWUDFWWKDWSURMHFWLRQ
HQG WLVRUWKRJRQDOWRY(?(?YM
KMM(? (?ۅWۅ &RPSXWHWKHOHQJWKRIW
YM(? (?WKMM 1RUPDOLVHWWRۅYMۅ(? (?
HQG Y(?(?YMPD[DUHRUWKRQRUPDO

 -(QJ
7KLVLVDQRSHQDFFHVVDUWLFOHSXEOLVKHGE\WKH,(7XQGHUWKH&UHDWLYH&RPPRQV$WWULEXWLRQ/LFHQVH
KWWSFUHDWLYHFRPPRQVRUJOLFHQVHVE\
m0 = E K0 + p1K1 + p2K2 +⋯+ piKi
−1
F
m0 = E(I − ( − K0
−1(p1K1 + p2K2 +⋯
+piKi))
−1
K0
−1
F

)RUWKHVHFRQGPRPHQW
m1 = − E K0 + p1K1 + p2K2 +⋯+ piKi
−1
C(K0
+p1K1 + p2K2 +⋯+ piKi)
−1
F
m1 = − E K0 + p1K1 + p2K2 +⋯+ piKi
−1
Cm0
m1 = − E(I − ( − K0
−1(p1K1 + p2K2 +⋯
+piKi)))
−1
K0
−1
Cm0

)RUWKHMWKPRPHQW
mj = − ∑
ij = 0
∞
E −K0
−1
Ki
ij
K0
−1
Cp
ij⋯ mj − 1⋯ 
2UGHUUHGXFWLRQZLWKPRPHQWPDWFKLQJQHHGVPRPHQWPWRPMEH
LQGHSHQGHQW RQ SDUDPHWHU VHULHV S S(?(?SL (TXDWLRQ  VKRZV
WKDWWKHPRPHQWVDUHFRPELQDWLRQRIWKHPDWULFHV
( − K0
−1(K1 + K2 +⋯+ Ki))
ijK0
−1
C( − K0
−1(K1
+K2 +⋯+ Ki))
ij − 1K0
−1
C
⋯( − K0
−1(K1 + K2 +⋯
+Ki))
i1K0
−1
C( − K0
−1(K1 + K2
+⋯+ Ki))
i0K0
−1
F⋯

ZKLFKPHDQVWKDWHDFKPRPHQWOLHVLQWKHVXEVSDFHVSDQQHGE\WKH
FROXPQVRI WKHPDWULFHV LQ 7KHVHPDWULFHVDUH WKHQ WDNHQ WR
FRQVWUXFW WKH SURMHFWLRQ PDWUL[9 ZKLFK LV ORFDWHG RQ WKH ILUVW U
FROXPQVRI7KLVFDQEHGRQHE\UHZULWLQJPDWULFHV$DQG%LQ
6HFWLRQDV
A = − K0
−1(K1 + K2 +⋯+ Ki)B = − K0
−1
F 
PFROXPQVRIWKHPDWUL[%(? (?>% %(?«(?%P@DUHWKHVWDUWLQJYHFWRUV
RIWKHVRFDOOHGEORFN.U\ORYVXEVSDFH7KHIROORZLQJFDOFXODWLRQ
LVWKHVDPHZLWK6HFWLRQ7KHGHWDLOVRIWKLVDOJRULWKPDUHVKRZQ
LQ7DEOH
௑7KHUPDOPRGHODQGVLPXODWLRQUHVXOWV
$VLPSOLILHGSRZHUPRGXOHPRXQWHGRQDSDUDOOHOSODWHILQQHGKHDW
VLQNLVFRQVLGHUHGDVVKRZQLQ)LJ7KHSRZHUPRGXOHFRQWDLQV
VL[ 6L& 026)(7V DQG LV DVVXPHG WR EH PRXQWHG RQ D GLUHFW
FRSSHU ERQGHG FHUDPLF VXEVWUDWH DQG DWWDFKHG WR WKH KHDW VLQNV
7KHERXQGDU\FRQGLWLRQLVFRPSOH[GXHWRWKHIRUFHGDLUFRROLQJ$
VLPSOLILHGDQDO\WLFDOPRGHORIWKHKHDWWUDQVIHUFRHIILFLHQWYDU\LQJ
D[LDOO\ DORQJ WKH GLUHFWLRQ RI WKH DLU IORZ KDV EHHQ HVWDEOLVKHG
EDVHG RQ > @ ,Q WKLV SDSHU D GLPHQVLRQOHVV IOXLG G\QDPLF
HQWU\OHQJWKLVLQWURGXFHG
Lh
+ = 0.0822ϵ(1 + ϵ)2 1 −
192ϵ
π
5 tanh
π
2ϵ
2

İ LV WKH KHDW VLQN FKDQQHO DVSHFW UDWLR DQG
ϵ = fin thickness/channel space 
$Q DQDO\WLFDO PRGHO IRU WKH 1XVVHOW QXPEHU Nu A  LQ >@ LV
VXLWDEOHIRUWKHKHDWVLQNPRGHODVIROORZV
7DEOH(? 0XOWLSDUDPHWHU$UQROGLUHGXFWLRQ
$(? (?í.íVXP.L%(? (?í.í) %ORFN.U\ORYVXEVSDFHV
IRUL(? (?(?(?MPD[ 1RUPDOLVHG%LWRۅYLۅ(? (?
YL(? (?%Lۅ%Lۅ 6WDUWFRPSXWDWLRQRIYL
IRUM(? (?(?(?MPD[í 2QHPDWUL[PXOWLSOLFDWLRQ
W(? (?$YL WLVLQWKHVSDFH.M
hi j = vi
Tt KLMYL(? (?SURMHFWLRQRIWRQYL
W(? (?WíKLMYL 6XEWUDFWWKDWSURMHFWLRQ
HQG WLVRUWKRJRQDOWRY(?(?YM
KM(?(?M ۅWۅ &RPSXWHWKHOHQJWKRIW
YM(?(? WKM(?(?M 1RUPDOLVHWWRۅYMۅ(? (?
HQG Y(?(?YMPD[DUHRUWKRQRUPDO

)LJ௒0RGXOHFRPSRQHQWVZLWKKHDW VLQN OHIWDQGVWHDG\VWDWH WKHUPDO
UHVSRQVHXVLQJ&)',&(3$.

-(QJ
7KLVLVDQRSHQDFFHVVDUWLFOHSXEOLVKHGE\WKH,(7XQGHUWKH&UHDWLYH&RPPRQV$WWULEXWLRQ/LFHQVH
KWWSFUHDWLYHFRPPRQVRUJOLFHQVHVE\

Nu A =
(C4 f ( Pr )
Z*
)m +
({{C1(
fRe A
8 πϵγ
)}
5
+ {C2C3(
fRe A
Z*
)
(1/3)
}
5
)
(m/5)
1
m

ZKHUH P LV WKH PRGHO EOHQGLQJ SDUDPHWHU SURYLGHG LQ >@ DQG
RWKHUSDUDPHWHUVRIDUHJLYHQLQ7DEOH7KH1XVVHOWQXPEHU
GHFUHDVHV DORQJ WKH WKHUPDO HQWU\ OHQJWK >@ DQG VHWWOHV WR D
FRQVWDQW YDOXH ,W VKRXOG EH QRWHG WKDW   3U   LV YDOLG IRU
PRVWKHDWH[FKDQJHUDSSOLFDWLRQV] LV WKHGLPHQVLRQOHVV WKHUPDO
D[LDOSRVLWLRQ7KH IULFWLRQ IDFWRU5H\QROGVSURGXFWHTXDWLRQ 
DQGGHVFULEHVWKHHIIHFWRIWKHERXQGDU\OD\HUYHORFLW\SURILOH
RQWKHPDVVWUDQVIHU>@
fRe A =
11.8336.V˙
Lnvair
+ fRe A, f d
2
1/2

fRe A, f d =
12
ϵ(1 + ϵ)[1 −
192ϵ
π
5 tanh(
π
2ϵ
)]

:LWK WKLV DQG ZLWK 1XVVHOW QXPEHU Nu A  WKH KHDW WUDQVIHU
FRHIILFLHQWEHFRPHV
h =
hu Aλair
dh
with dh =
2sc
s + c
and s =
b − (n + 1)t
n

7KH UHVXOWLQJ KHDW WUDQVIHU FRHIILFLHQW DV D IXQFWLRQ RI WKH D[LDO
GLVWDQFHIURPWKHLQOHWIRUWKHKHDWVLQNLQ)LJIRUWKUHHGLIIHUHQW
YDOXHVRIDLUPDVVIORZLVVKRZQLQ)LJ
7KH SURSRVHG 025 LV DSSOLHG WR WKH V\VWHP )LJV D±F
LOOXVWUDWH VXUIDFH WHPSHUDWXUH UHVSRQVHV RI WKH WKUHH 026)(7V
LGHQWLILHGLQ)LJFDOFXODWHGE\UHGXFHGDQGIXOORUGHUVLPXODWLRQ
DQG FRPSDUHG WR UHVXOWV REWDLQHG ZLWK FRPPHUFLDO )( VRIWZDUH
$16<6 PHFKDQLFDO DQG WKH &)' WRRO ,&(3$. 7KH µ$16<6
PHFKDQLFDO¶ VLPXODWLRQV DUH REWDLQHG E\ VROYLQJ WKH FRQGXFWLRQ
KHDW WUDQVIHU SUREOHP UHPRYLQJ WKH ILQV DQG VHWWLQJ WKH ERWWRP
EDVHSODWH VXUIDFHZLWKD FRQYHFWLYHERXQGDU\FRQGLWLRQZLWKKHDW
WUDQVIHU FRHIILFLHQW DV LQ )LJ  $V FDQ EH VHHQ WKH DJUHHPHQW
DPRQJ WKHILQLWHGLIIHUHQFHIXOORUGHU WKHSURSRVHGUHGXFHGRUGHU
PHWKRG DQG WKH $16<6 )( PHWKRG LV H[FHOOHQW +RZHYHU VRPH
GLVFUHSDQFLHV DUH SUHVHQW ZKHQ FRPSDUHG ZLWK WKH &)' UHVXOWV
7KLV LV GXH WR WKH DSSUR[LPDWLRQV UHVXOWLQJ IURP WKH VHPL
DQDO\WLFDO PRGHO RI WKH YDULDEOH KHDW WUDQVIHU FRHIILFLHQW 7KH
GLVFUHWLVDWLRQHPSOR\HGLQWKHIXOORUGHUPRGHOUHVXOWVLQDV\VWHP
ZLWK  QRGHV ZKLOH WKH UHGXFHG RUGHU KDV  VWDWHV
FRUUHVSRQGLQJWRWHPSHUDWXUHQRGHVSHU026)(72QWKHVDPH
FRPSXWHUDQGZLWK WKHVDPHPHVKVL]H&)'WDNHVRYHU(팀mLQ
WKH IXOORUGHU VLPXODWLRQ QHHGV (팀mLQ ZKLOH WKH UHGXFHGRUGHU
VLPXODWLRQRQO\WDNHVDERXW(팀s
௑&RQFOXVLRQ
,QWKLVSDSHUDQRYHOPXOWLSDUDPHWHURUGHUUHGXFWLRQLVGHYHORSHG
DQG DSSOLHG WR D SRZHU PRGXOH ZLWK IRUFHG DLU FRROHG V\VWHPV
7KH PXOWLPRPHQW PDWFKLQJ WHFKQLTXH LV XVHG WR SUHVHUYH LQ WKH
UHGXFHG RUGHU D QXPEHU RI SDUDPHWHUV PDNLQJ FDOFXODWLRQV LQ
YDULDEOH RSHUDWLQJ FRQGLWLRQV VLJQLILFDQWO\ PRUH HIILFLHQW $Q
H[DPSOHRIDSRZHUPRGXOHFRROLQJV\VWHPZLWKGLIIHUHQWPDVVDLU
IORZUDWHVLVUHSRUWHG
$KLJKGHJUHHRIDFFXUDF\FRPSDUHGWRWKDWRIFRQYHQWLRQDO)(
DQG &)' WRROV LV VKRZQ $ VLJQLILFDQW LQFUHDVH LQ FRPSXWDWLRQDO
HIILFLHQF\ LVGHPRQVWUDWHG UHVXOWLQJ LQ IDVWHU FDOFXODWLRQ WLPHDQG
PHPRU\UHTXLUHPHQWV
௑$FNQRZOHGJPHQW
7KLV ZRUN ZDV VXSSRUWHG E\ WKH (XURSHDQ &RPPLVVLRQ +RUL]RQ
±0RELOLW\IRU*URZWK3URJUDPXQGHU*UDQW
7DEOH(? 7DEOHRIFRHIILFLHQWVIRUJHQHUDOPRGHOV
%RXQGDU\FRQGLWLRQ
7 &(? (?&(? (? f ( Pr ) = 0.564
[1 + (1.664 Pr1/6 )
9/2
]
2/9
+ &(? (?&(? (?  f ( Pr ) = 0.886
[1 + (1.909 Pr1/6 )
9/2
]
2/9
1XVVHOWQXPEHUW\SH
ORFDO &(? (? &(? (?
DYHUDJH &(? (? &(? (?
VKDSHSDUDPHWHU
XSSHUERXQG Ȗ(? (?
ORZHUERXQG Ȗ(? (?í

)LJ௒+HDWWUDQVIHUFRHIILFLHQWDORQJWKHD[LDOGLUHFWLRQRIWKHDLUIORZ

 -(QJ
7KLVLVDQRSHQDFFHVVDUWLFOHSXEOLVKHGE\WKH,(7XQGHUWKH&UHDWLYH&RPPRQV$WWULEXWLRQ/LFHQVH
KWWSFUHDWLYHFRPPRQVRUJOLFHQVHVE\
௑5HIHUHQFHV
>@ *HUEHU0)HUUHLUD-$6HOLJHU1HWDOµ,QWHJUDO'WKHUPDOHOHFWULFDO
DQG PHFKDQLFDO GHVLJQ RI DQ DXWRPRWLYH '&'& FRQYHUWHU¶ ,((( 7UDQV
3RZHU(OHFWURQSS±
>@ 6PHW 9 )RUHVW ) +XVHOVWHLQ -- HW DO µ$JHLQJ DQG IDLOXUH PRGHV RI
,*%7 PRGXOHV LQ KLJK WHPSHUDWXUH SRZHU F\FOLQJ¶ ,((( 7UDQV ,QG
(OHFWURQSS±
>@ 'DYLGVRQ -1 6WRQH ' )RVWHU 03 HW DO µ5HDOWLPH WHPSHUDWXUH
HVWLPDWLRQLQDPXOWLSOHGHYLFHSRZHUHOHFWURQLFVV\VWHPVXEMHFW WRG\QDPLF
FRROLQJ¶,(((7UDQV3RZHU(OHFWURQSS±
>@ /X + %DLOH\ & <LQ &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±SS±
>@ :DQJ : <XDQ ; µ/XPSHGSDUDPHWHUEDVHG WKHUPDO DQDO\VLV IRU YLUWXDO
SURWRW\SLQJ RI SRZHU HOHFWURQLFV V\VWHPV¶ 3URF WK ,(7 ,QW &RQI 3RZHU
(OHFWURQ0DFK'ULYHV*ODVJRZ8.SS±
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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SS±
>@ )UHXQG 5: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>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UGHGSS±
>@ /L<%DL=6X<HWDOµ3DUDPHWHUL]HGPRGHORUGHUUHGXFWLRQYLDDWZR
GLUHFWLRQDO $UQROGL SURFHVV¶ ,((($&0 ,QW &RQI RQ &RPSXWHU$LGHG
'HVLJQ'LJHVWRI7HFKQLFDO3DSHUV6DQ-RVH86$SS±
)LJ௒7UDQVLHQWWKHUPDOUHVSRQVHV
D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KWWSFUHDWLYHFRPPRQVRUJOLFHQVHVE\

>@ /L<%DL=6X<µ$WZRGLUHFWLRQDO$UQROGLSURFHVVDQGLWVDSSOLFDWLRQ
WRSDUDPHWULFPRGHORUGHUUHGXFWLRQ¶-&RPSXW$SSO0DWK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
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>@ /L <7 %DL = 6X < HW DO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LQWHUFRQQHFW QHWZRUNV YLD D WZRGLUHFWLRQDO $UQROGL SURFHVV ,((( 7UDQV
&RPSXW'HV,QWHJU&LUFXLWV6\VWSS±
>@ )HQJ/+5XGQ\L(%.RUYLQN-*µ3UHVHUYLQJWKHILOPFRHIILFLHQWDVD
SDUDPHWHU LQ WKHFRPSDFW WKHUPDOPRGHO IRU IDVW HOHFWURWKHUPDO VLPXODWLRQ¶
,((( 7UDQV &RPSXW 'HV ,QWHJU &LUFXLWV 6\VW   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 SS ±
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>@ )DUOH 2 +LOO 9 ,QJHOVWU|P 3 HW DO µ0XOWLSDUDPHWHU SRO\QRPLDO RUGHU
UHGXFWLRQRIOLQHDUILQLWHHOHPHQWPRGHOV¶0DWK&RPSXW0RGHO'\Q6\VW
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>@ &RGHFDVD/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